Ttus paper presents a generalized semi-analytic method for computing oscillator phase noise spectra. including the details very close to the oscillation frequency, The staning point is a general relation between an oscillatcr's output power spectral density and the characteristics of the input noise processes. For weak input noise processes that vary sufficiently fast aver time, this relation reduces to an analytic expression. For cases that do not satisfy these conditions, the relation is, in part, evaluated numerically. This is accomplished using techniques for exponential data fitting. The resulting method is able to compute oscillator phase noise spectra for a wide range of input noise characteristics.
INTRODUCTION
Oscillators are key building blocks in almost all of today's communication systems. One of the most important quality measures for an oscillator involves their phase noise behavior. This stochastic phase behavior is characterized through the power spectral density (PSD) of the oscillator's output signal -which. in this text, is also refered to as the oscillator's phase noise specrrwn. Design requirements concerning the quality of an oscillator are often specified as constraints on the spectral spreading of this PSD. Hence, it is important to provide designers with methods to compute them.
Computing an oscillator's PSD involves solving three problems:
I. Identify and characterize the input noise processes disturbing the oscillator's behavior. In this area. especially the characterization of l/f noise is still an open problem [I] although some acceptable models have been presented [2, 3] .
2. Given the input noise processes, extract the equations goveming the oscillator's stochastic phase behavior. This particular problem has received much attention in recent years [3,4.5,61 and is considered to be solved.
3. Given the phase behavior, find the oscillator's output PSD. Up to now, this problem only received limited attention. In [SI,
expressions are presented based on small-signal assumptions. However, as pointed out in [41. small-signal assumptions do not apply to oscillators. In [3, 4] . an analytic expression is presented for oscillator spectra in the presence of white input noise.
This work also contains two separate asymptotic approximations for, respectively, the very close-in phase noise specmm and for the spectrum far away from the oscillation frequency.
The approximations are based on the work in 17, 81. They are claimed to hold for both white and colored input noise.
The work in this paper focuses on solving the third problem, As a starting point, we develop a general relation between an oscillator's output PSD and the input noise characteristics. For weak noise sources that vary sufficiently fast over time, this relation reduces to a single analytic approximation that combines both the asymptotes from p]. For other types of noise processes, we refine results using numerical techniques based on exponential data fitting [91.
The remainder of this paper is s m c m e d as follows. Section 2 summarizes theory that is needed to characterize an oscillator's stochastic phase behavior (the second step as mentioned above). Next, section 3 reviews some general results on the spectra of phasemodulated periodic signals. In section 4, these results make up the stming point for elaborating a general relation between an oscillator's output PSD and the input noise characteristics. Here, we also consider analytic approximations for weak and fast-varying input noise processes. Section 5 discusses a numerical method that can be used when these approximations break down. Results identifying the range of validity of the traditional l/f2-l/f3
phase noise characteristic are presented in section 6. Finally, conclusions are drawn in section 7.
AVERAGED STOCHASTIC PHASE BEHAVIOR
The behavior of an oscillator perturbed by a noise source f, n(C) -with E denoting the strength (standard deviation) of the noise source-can be modeled as [Z, 41 x(r) =I, ( r + @ ( r ) ) +A+)
(1) 
where %(T) = E {.(I +r)n(l)} is the autocorrelation function corresponding to the original noise source n ( t ) . Observing (5). it is seen that averaging removed 8 from the right-hand side of the equation (2). This greatly simplifies further analysis.
With R(r) Gaussian. the same will hold for the phase differences e(f + T ) -e(r) = f+'ii(s)dS. As will be seen in the next section, the variance of these phase differences, i.e.
is the quantity of greatest interest in finding the oscillator phase noise spectrum. It can be shown that this variance satisfies
As an imponant property of 02(T). it holds that for T 3 T "~;~~
Here, ~~~j~~ is the time constant of the input noise, i.e. the time constant beyond which %(T) 0. Furthermore,
--is the PSD of the -nomdizedaveraged input noise signal E@).
Having established these results, we can go on computing the oscillator's output PSD.
PHASE-MODULATED OSCILLATOR SPECTRA
An oscillator's output PSD S,(o) models the time-averaged energy contained in a narrow band around the frequencies of interest.
Mathematically, this corresponds to Using(l)and withx,(t) =~~~-~x s , i e J k w ' being theFourierseries corresponding to the oscillator's noise-free steady-state solution, where 00 = 2 x / T , the integral within the curly brackets can be approximdted as
. ' (12) k=-w In obtaining (IZ), we made use of the fact that the process e(!) v;uies slowly over time, i.e. on a time-scale T / E . Moreover, we also used the result that the process 0(f + T) -9 ( t ) is stationary and Gaussian with its variance 02(.r) determined from (7). The oscillator's output PSD is now found as the Fourier transform of (12) with respect to T.
Finding the Fourier transform of (12) basically comes down to finding the Fourier transforms of
In the expression above, the process U&) = kzo$az(T)/(2eZ) is introduced for convenience in further computations. It is solved from _ -
@=,k(T) =e-% = e-e*vk(r) ,
dT
In terms of the process Vi(.). we then find
where weusedthefactthatvk(T) =vk(-T) inobtaining(16). S,,,(o) representS the oscillator's normalized equivalent baseband phase noise spectrum (output PSD) around the k-tli harmonic.
A GENERAL. RELATION FOR OSCIL-
In a first step, werewrite (16) in a manner that teveals the relation between the phase noise spectrum and the input noise PSD. This is of great help in gaining understanding on how the input noise characteristics affect the resulting oscillator spectrum. For weak input noise that varies sufficiently fast. i.e. for e 1 and T, , , ;~, <
T j e , it is even possible to obtain a single analytic expression that relates the noisy oscillator's output PSD to the input noise PSD. For input noise processes that do not satisfy these conditions, we resorf to the numerical techniques discussed in section 5 .
LATOR PHASE NOISE SPECTRA
Integrating (16) by p a t s twice yields x c o s ( w ) d~ .
In obtaining (17), we used the boundary conditions in (14). fur^ thermore, we assume that &(O) > 0 such that, by virtue of (S),
lime--vk(T) = +m. This in tum yields limT-~e~e'pd*) = 0. We hence obtain a single analytical expression relating the oscillator's phase noise PSD to that of the driving noise processes. It is observed that the equivalent baseband PSD S,,k(w) is that of the filtered averaged input noise signal m(f). The filter is a first-order low-pass filter with a DC gain and comer frequency that depend on the properties of the input noise process.
It is important to remind that (21) is only valid when the term R,p(w) in (19) can he neglected. A practical criterion for delimiting those noise sources for which this is satisfied is given by the inequality Observing (22). it is seen that the approximation (21) breaks down when either the noise strength E, the normalized input noise PSD 
NUMERICAL PHASE NOISE SPECTRUM COMPUTATION
When the noise level E gets large or when the noise is of a slowvarying type, i.e. when (22) is no longer satisfied, the approximation (21) is no longer valid. This especially holds true for small frequency offsets. Situations like this may arise in dealing with l / f input noise processes. For such cases, we propose the numerical computation of the residual term R,p(w) in (19) in order to obtain a more accurate result. The procedure to do so goes as follows:
1. In (20). evaluate the terms in the square brackets and fit them using complex exponential basis functions, i.e. find a set of A, E C and 2, E such that
Use of an exponential fit helps avoiding trouble that arises due to truncating the numerical evaluation of rx,k('T) to il finite window of time. The right-hand side sum of exponentials always provides a smooth extrapolation towards infinity.
In what follows, we provide some details on how the procedure above is implemented. Focus is given to the case where the input noise process X ( f ) is a combination of white and I / f noise.
Modeling the input noise process
In order to evaluate rX,+('T), we need a set of models that allow capturing input noise behavior. In what follows, we assume the -normalizedinput noise process X ( l ) to be a combination of white and l / f (flicker) noise. The autocorrelation function of such a noise process can be modeled as '&i('T) = s(7) +2fi/rE1 (yl.il) . 
Fitting I;&)
Given the noise model, we compute r&)
for 'T E [O,'Tc]. To do so, we solve (14) for 9.7) and dvkldr and substitute the results in (24). Furthermore, r, is the time for rx,k(7) to become sumciently small. Typical values for r, tend to be proportional to the time constant Tnoir. characterizing the input noise. Having computed r&), we determine the coefficients Am and the exponents rm of the exponential fit in the right-hand side of (24) using a Han- With (27) this implies that N -E2k2%?. Hence, as y grows small, N grows large. Since the complexity of the HTLS algorithm roughly grows with N 3 , a lower bound is imposed on y by reasons of limiting computational complexity. Typically, however. this bound is low enough to yield valuahle results on the shape of an oscillator's phase noise spectrum. 
CONCLUSIONS
This paper has presented a generalized semi-analytic method for computing oscillator phase noise spectra, including the details very close to the oscillation frequency. The method is based on a general relation between the oscillator phase noise spectrum and the input noise characteristics. For weak input noise processes that vary sufficiently fast over time, this relation reduces to a single analytic expression. For cases that do not satisfy the above conditions, the relation is, in part, evaluated numerically using exponential data titting techniques. Phase noise spectra as computed for a combination of white and I/f input noise show a close-in phase noise spectrum that flattens near the oscillation frequency with a steep edge making the transition to the traditional l/f3 -I/f2 characteristic, This behavior, however, typically occurs for very small frequency offsets. For large frequency offsets, the phase noise spectrum assumes the well-known l/f3 -I/f2 characteristic.
